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I I T  R E S E A R C H  I N S T I T U T E  
FRONT IS P IECE 
The d i s t r i b u t i o n  of numbered a s t e r o i d s  
normal t o  t h e  e c l i p t i c  p lane  on 4/19/73. 
In  any given l a t i t u d e  range Af3 and 
r a d i u s  range AR a r e  shown a l l  t h e  num- 
bered a s t e r o i d s  w i t h  f3 w i t h i n  Ag , R 
w i t h  AR,  and any long i tude  A .  
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ABSTRACT 
The ques t ion  of t h e  d i s t r i b u t i o n  of a s t e r o i d s  i n  t h e  
s o l a r  system has s i g n i f i c a n c e  i n  planning space f l i g h t s  t o  
e i t h e r  avoid  a s t e r o i d  encounters  o r  t o  maximize a s t e r o i d  
encounters .  The o r b i t a l  elements of t h e  a s t e r o i d s  have been 
s t u d i e d  e x t e n s i v e l y ;  many r e g u l a r i t i e s  have been found i n  t h e s e  
o r b i t a l  e lements .  T h i s  r r ; F o r t d i f f e r s  from much o f  t h e  prev ious  
work i n  t h a t  h e r e  t h e  a c t u a l  p o s i t i o n s  of  t h e  a s t e r o i d s  a t  
s p e c i f i c  t i m e s  a r e  analyzed,  r a t h e r  than their  o r b i t a l  e lements .  
I n  o rde r  t o  answer the ques t ion  " A r e  t h e r e ,  a t  a given 
t i m e ,  s i g n i f i c a n t  nonuni formi t ies  i n  t h e  s p a t i a l  d i s t r i b u t i o n  
of  the a s t e r o i d s  w i t h i n  t h e  a s t e r o i d  b e l t ? ' "  t h e  p o s i t i o n s  of 
1563 numbered a s t e r o i d s  and 445 unnumbered a s t e r o i d s  w e r e  
ana lyzed  f o r  t h e  1950 t o  1995 time per iod .  The t o t a l  number 
of a s t e r o i d  pos i t i on - t ime  p o i n t s  used i n  the s tudy  was 135,000. 
The main conclusion o f  this  s tudy i s  t h a t  t h e  a s t e r o i d  s p a t i a l  
d i s t r i b u t i o n  does appear  t o  con ta in  a s l i g h t  n o n - s t a t i s t i c a l  
c l u s t e r i n g  o f  t h e  a s t e r o i d s  
tendency t o  be a t  l a t i t u d e s  
pr imary conclusions are: 
, The a s t e r o i d s  a l s o  show a s l i g h t  
below t h e  e c l i p t i c  p l ane .  The 
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I -  1) The numbered a s t e r o i d  d i s t r i b u t i o n  i n  A, the 
h e l i o c e n t r i c  longi tude ,  shows c l u s t e r s  bo th  
because o f  the l imi t ed  number (2008) o f  
a s t e r o i d s  s tud ied  (random even t s  c l u s t e r )  and 
a l s o  because the a s t e r o i d s  are n o t  q u i t e  
homogeneous w i t h i n  t h e  b e l t .  I f  a l l  o f  t h e  
a s t e r o i d s  have o r b i t a l  elements s imilar  t o  
those  o f  t h e  known a s t e r o i d s ,  t h e  d i s t r i b u t i o n  
i n  A would n o t  q u i t e  be uniform, 
2 )  The numbered a s t e r o i d  d i s t r i b u t i o n  i n  B ,  the 
h e l i o c e n t r i c  l a t i t u d e ,  peaks below the 
e c l i p t i c  p lane  a t  a l a t i t u d e  of  -0.1+ 0.03 
degrees .  
- 
3 )  The numbered a s t e r o i d  d i s t r i b u t i o n  i n  R ,  
d i s t a n c e  from the Sun, peaks a t  s l i g h t l y  
below 3 , O  AU. The average R i s  about 2 .8  AU. 
4 )  The unnumbered a s t e r o i d s  e x h i b i t  the same 
phenomena as t h e  numbered a s t e r o i d s .  
5) Since there i s  a s t a t i s t i c a l  c l u s t e r i n g  of 
the known a s t e r o i d s ,  j u d i c i o u s  choice  o f  
t r a j e c t o r i e s  could a l t e r  the chance of  en- 
coun te r s  w i t h  the known a s t e r o i d s  by as much 
as + - 30 pe rcen t .  However, if a l l  the a s t e r o i d s  
w e r e  known, t he i r  d i s t r i b u t i o n  would probably 
be almost  uniform. I f  a l l  the a s t e r o i d s  t end  
t o  be below the e c l i p t i c  p l ane ,  a s  do t h e  
known a s t e r o i d s ,  a s l i g h t  YE:C,'G;L._L i n  a s t e r o i d  
encounter  p r o b a b i l i t y  could be ob ta ined  by 
t r a v e r s i n g  the a s t e r o i d  b e l t  above 
the e c l i p t i c  p l ane .  
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SPATIAL DISTRIBUTION OF THE KNOWN ASTEROIDS 
1. INTRODUCTION 
During va r ious  d iscuss ions  of  p o s s i b l e  exp lo ra to ry  
miss ions  t o  t h e  a s t e r o i d  b e l t  o r  beyond t h e  ques t ion  w a s  r a i s e d  
whether t h e r e  a r e ,  a t  a given t i m e ,  s i g n i f i c a n t  non-uni formi t ies  
i n  the s p a t i a l  d i s t r i b u t i o n  of t h e  a s t e r o i d s  w i t h i n  t h e  a s t e r o i d  
b e l t .  This  ques t ion  has s i g n i f i c a n c e  f o r  planning exp lo ra to ry  
miss ions  t o  ei ther minimize o r  maximize a s t e r o i d  encounters ,  
and i s  p o s s i b l y  of t h e o r e t i c a l  i n t e r e s t  i n  r e l a t i o n  t o  t h e  prob- 
l e m  of t h e  o r i g i n  of  the a s t e r o i d  b e l t .  
I n  t h e  m i l l i o n s  of years  s i n c e  t h e  a s t e r o i d  b e l t  was 
formed, many f a c t o r s  such as p l a n e t a r y  p e r t u r b a t i o n s  and c o l l i -  
s i o n s  w i t h i n  the b e l t ,  have a f f e c t e d  the p o s i t i o n s  of  t h e  aster- 
o i d s .  This r e p o r t  cons ide r s  the problem of  whether t h e s e  f a c t o r s  
have e f f e c t e d  the a s t e r o i d  p o s i t i o n s  i n  such a way as t o  homo- 
gen ize  the d i s t r i b u t i o n  o f  the a s t e r o i d s  w i t h i n  t h e  b e l t ,  o r  a l -  
t e r n a t i v e l y  whether the a s t e r o i d s  are c l u s t e r e d  (inhomogeneous) 
w i t h i n  the b e l t .  
i z e d  w i t h i n  t h e  b e l t  any c a l c u l a t i o n s  of  a s t e r o i d  d i s t r i b u t i o n  
us ing  a f i n i t e  number of a s t e r o i d s  would show some c l u s t e r i n g  
( s t a t i s t i c a l l y  random even t s  c l u s t e r ) .  
Even i f  t h e  a s t e r o i d s  are e f f e c t i v e l y  homogen- 
Thus the ques t ion  of  
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homogeneity o r  c l u s t e r i n g  i n  t h e  b e l t  i s  u l t i m a t e l y  one o f  
whether t h e  c l u s t e r s  are due t o  t h e  s t a t i s t i c s  of t h e  sampling 
process  o r  due t o  genuine phys ica l  e f fec ts .  
I n  t h e  work r e p o r t e d  here  t h e  p o s i t i o n s  o f  2008 a s t e r o i d s  
w e r e  c a l c u l a t e d  between 1950 and 1995, and t h e  number of 
a s t e r o i d s  i n  va r ious  volumes of  space analyzed f o r  non- 
s t a t i s t i c a l  d e v i a t i o n s  from uniformity.  Of course ,  s i n c e  t h e  
p o s i t i o n s  o f  t h e  a s t e r o i d s  can be c a l c u l a t e d ,  t h e  phenomena 
under a n a l y s i s  are no t  t r u l y  random; neve r the l e s s  t h e  ques t ion  
of  d e v i a t i o n  from homogeneity may be i n v e s t i g a t e d  us ing  t h e  
s t a t i s t i c a l  formalism. Since t h e r e  are  a number of  r e g u l a r i -  
t i e s  i n  t h e  a s t e r o i d  o r b i t a l  parameters (such as t h e  tendency 
f o r  a s t e r o i d  p e r i h e l i o n  longi tudes  t o  be s i m i l a r  t o  t h e  p e r i -  
h e l i o n  longi tude  o f  J u p i t e r  and t h e  Kirkwood gaps o f  t h e  
a s t e r o i d  pe r iods  a t  o r b i t a l  per iods which are  commensurable 
w i t h  t h e  o r b i t a l  per iod  o f  J u p i t e r ) ,  it i s  reasonable  t o  suspec t  
t h a t  t h e r e  would be some c l u s t e r i n g  of  t h e  a s t e r o i d s .  
The ASC/IITRI Conic Sec t ion  T r a j e c t o r y  System (P ie rce  
and Narin 1964)  has on i t s  o r b i t a l  elements t ape  t h e  o r b i t a l  
e lements  of  approximately 1600 numbered a s t e r o i d s  (C inc inna t i  
Observatory 1961) .  This  s tudy cons idered  t h e  f i r s t  1563 num- 
bered a s t e r o i d s ,  and t h e  445 unnumbered a s t e r o i d s  for  which 
e l l i p t i c a l  o r b i t a l  elements are on t h e  t a p e ,  and excluded t h e  
unnumbered a s t e r o i d s  f o r  which only  ( t h e  ve ry  approximate) 
c i r c u l a r  elements are known. For each t i m e  cons idered ,  t h e  
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a c t u a l  p o s i t i o n s  of t h e  a s t e r o i d s  were c a l c u l a t e d  us ing  t h e  
s t anda rd  2-body, conic  s e c t i o n  equat ions  (Ehricke 1960). 
It should be mentioned he re  t h a t  t h e  r e l a t i o n s h i p s  
between a s t e r o i d  o r b i t a l  parameters and a s t e r o i d  p o s i t i o n s  
a r e  non- l inear  , involv ing  t r igonometr ic  func t ions  and t h e i r  
i n v e r s e s .  
c l u s i o n s  about t h e  average p o s i t i o n s  of t h e  a s t e r o i d s  from t h e  
average o r b i t a l  parameters.  
2.  DISCUSSION OF RESULTS 
2 * 1  C l u s t e r i n g  i n  Longitude A 
As a r e s u l t  i t  i s  not  an easy  ma t t e r  t o  draw con- 
Figure 1 shows t h e  h e l i o c e n t r i c ,  e c l i p t i c  coord ina te  
system. F igure  2 shows t h e  number of a s t e r o i d s  i n  a g iven  A h  
range f o r  7 da te s  i n  1951 t o  1953. For ease of  i n t e r p r e t a t i o n  
t h e  a r e a s  of  t h e  graphs above average = 4 3 . 4  a s t e r o i d s / l O  degrees  
A h  a r e  darkened. Thus t h e  longi tude  c l u s t e r i n g  i s  shown by 
t h e  darkened areas on t h e  graphs. 
o f  t h e  darkened a r e a s  i n  Figure 2 as t i m e  advances a l lows  one 
t o  observe t h e  formation and d i s i n t e g r a t i o n  of t h e  c l u s t e r s  
as t h e  a s t e r o i d s  move i n  and o u t  of a given (moving) segment 
of  space ;  a given c l u s t e r  tends t o  move i n  t h e  o r b i t  a t  a 
speed q u i t e  s imilar  t o  a t y p i c a l  a s t e r o i d  speed (4.5 yea r s  
pe r  360") .  
The motion, t o  t h e  r i g h t ,  
Figure 3 shows the  average and median A 's  f o r  t h e  
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a s t e r o i d s  over  t h e  1965 t o  1995 t i m e  pe r iod .  The lower p a r t  
o f  F igure  3, f o r  t h e  numbered a s t e r o i d s ,  appears  more smooth 
than t h e  unnumbered a s t e r o i d s  f o r  s t a t i s t i c a l  reasons ,  s i n c e  
3-1/2 t i m e s  as many numbered as unnumbered a s t e r o i d s  were 
used i n  t h e  s tudy.  Note t h a t  t h e  curves ,  p a r t i c u l a r l y  f o r  
t h e  numbered a s t e r o i d s ,  seem t o  be symmetric about 180 
degrees  
2 AX t e s t  has  been app l i ed  t o  d a t a  on t h e  A c l u s t e r s  
t o  a s c e r t a i n  i f  t h e s e  c l u s t e r s  have a n o n - s t a t i s t i c a l  o r i g i n .  
This  w a s  done i n  t h e  fol lowing manner. F i r s t ,  t h e  a s t e r o i d s  
w e r e  assumed t o  be uniformly d i s t r i b u t e d ,  43.4/10 degree Ah 
and 
n 
36 ( N / L ~  - 43.4)' x2= 1 
i=l 7 . 4  
was c a l c u l a t e d ,  where N/Li i s  t h e  number o f  a s t e r o i d s  i n  t h e  
Ah range. Next, us ing  s tandard  t a b l e s  (Crow, Davis,  i t h  
Maxfield 1960) t h e  p r o b a b i l i t y  P ( X 2 )  of  occurrence of t h e  
g iven  x dev ia t ion  from uni formi ty  w a s  c a l c u l a t e d .  I f  t h e  2 
P (x2> were 
t e n  pe rcen t  
t i m e  P <x2> 
due t o  s t a t i s t i c a l  e f fec ts ,  olie would f i n d  t h a t  
o f  t h e  t i m e  P ( x  ) < 10 pe rcen t ,  20 pe rcen t  of  t h e  
< 2 0  pe rcen t  e tc .  w i th  a l i n e a r  d i s t r i b u t i o n  of  
2 
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i -  P ('x 2 ) i n  time. Considerat ion of Figure 4 ,  P (2 2 ) v s .  t i m e  
f o r  1950 through 1975, shows that t h e r e  i s  a tendency f o r  
P (x ) t o  have extreme va lues ,  t h a t  i s ,  f o r  t h e  a s t e r o i d s  t o  
be too  c l u s t e r e d  o r  too uniform. From t h i s  i t  i s  concluded 
t h a t  some n o n - s t a t i s t i c a l  c l u s t e r i n g  does occur  i n  t h e  a s t e r o i d  
b e l t  a 
2 
2 , 2  C lus t e r ing  i n  La t i tude  B 
Figure 5 shows t h e  a s t e r o i d  c l u s t e r i n g  c h a r a c t e r i s t i c s  
w i t h  r e s p e c t  t o  @ on 1/1/65.  
median B ' s  f o r  t h e  a s t e r o i d s  over t h e  1965 t o  1995 t i m e  per iod .  
A s  i n  Figure 3 t h e  lower p a r t  of F igure  6 ,  f o r  t h e  numbered 
a s t e r o i d s ,  appears  more smooth than t h e  upper p a r t  of t h e  
f i g u r e  f o r  t he  unnumbered a s t e r o i d s .  Note t h a t  f o r  bo th  t h e  
numbered and unnumbered a s t e r o i d s  the  curves are no t  symmetric 
about  0;  r a t h e r  t h e r e  i s  a d e f i n i t e  tendency f o r  t h e  average 
and median B ' s  t o  be nega t ive ,  and f o r  t h e  a s t e r o i d s  t o  be 
below t h e  e c l i p t i c  plane.  
2.3 C l u s t e r i n g  i n  Radius R 
Figure 7 shows t h e  a s t e r o i d  lumping c h a r a c t e r i s t i c s  
Figure 6 shows t h e  average and 
w i t h  r e s p e c t  t o  R on 1/1/65. The d i s t r i b u t i o n  i s  somewhat 
asymmetric w i th  a maximum a s t e r o i d  d e n s i t y  i n  t h e  2.9 t o  3.0 AU 
range ,  and an E of  2 .82  AU. 
2.4 P o s i t i o n s  of  t h e  Asteroids  i n  Space 
Figures  8 through 10 p r e s e n t ,  i n  a d i f f e r e n t  manner, 
t h e  s p a t i a l  d i s t r i b u t i o n s  o f  the  a s t e r o i d s .  Since t h e  d i s t r i -  
b u t i o n  i n  A appears  t o  be a l m o s t  uniform except  f o r  s t a t i s t i c a l  
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c l u s t e r i n g ,  these f i g u r e s  group a l l  t h e  a s t e r o i d s  i n  a given 
A g ,  AR range t o g e t h e r ,  and ignore the h d i s t r i b u t i o n .  
The f i g u r e  background f o r  Figtires 8 through 10 show 
the traces o f  p l a n e t a r y  o r b i t s ,  bioeo, t h e  pa ths  the p l a n e t s  
would trace on a p lane  moving ( i n  longi tude)  w i t h  the p l a n e t s .  
On any one day the p l a n e t s  would appear as a s i n g l e  do t .  The 
h o r i z o n t a l  widths  o f  the t r a c e s  of the p l a n e t a r y  o r b i t s  are a 
measure of the e c c e n t r i c i t y  of t h e  o r b i t  and the v e r t i c a l  
h e i g h t s  are a measure of  the i n c l i n a t i o n  o f  the o r b i t s  (Narin 
1964) 
F igure  8 shows, f o r  3/20/73, the number of a s t e r o i d s  
i n  e a c h A B , A R  segment o f  space,  Figure 9 i s  s imilar  t o  
F igure  8 ,  except  tha t  d i s c r e t e  d o t s  r e p r e s e n t i n g  i n d i v i d u a l  
a s t e r o i d s  have been f i l l e d  uniformly i n  t h e A g , A R  segments 
i n s t e a d  o f  w r i t i n g  t h e  numbers on the f i g u r e .  The spread  of 
the known a s t e r o i d s  i n  space i s  immediately apparent  from 
F igure  9,  
f i g u r e  corresponding t o  Figure 9 f o r  4/19/73 i s  inc luded  as 
the f r o n t i s p i e c e .  
2.5 Average As te ro id  Pos i t i ons  
F igure  10 f o r  4/19/73 i s  s imilar  t o  F igure  8; the 
Table 1 shows the grand averages of the f 3 ,  A and R 
average and median values f o r  a l l  of the t i m e s  covered. For 
example, i n  1965 t o  1979 the average B ' s  f o r  t h e  numbered 
a s t e r o i d s  were found f o r  37 d i f f e r e n t  d a t e s  (and p l o t t e d  on 
Figure  6 ) .  The grand average of  -0.14 i s  the average of 
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these 37 averages.  The f i n a l  average  of  the grand average 
p ' s  f o r  a l l  a s t e r o i d s  f o r  a l l  t i m e s  i s  -0, lO + 0.03, where the 
s t anda rd  dev ia t ion  i s  taken as  fl 
averages  are found i n  an analogous manner. It i s  c l ea r  from 
these averages ,  as w e l l  as the  prev ious  f i g u r e s ,  t h a t  the 
a s t e r o i d s  tend  t o  be about 1/10 degree below the e c l i p t i c  p lane .  
3 .  CONCLUSIONS 
- -
The o t h e r  grand and f i n a l  
The numbered a s t e r o i d  d i s t r i b u t i o n  i n  A ,  t h e  
h e l i o c e n t r i c  l ong i tude ,  shows c l u s t e r s  bo th  
because of the l imi t ed  number (2008) o f  
a s t e r o i d s  s tud ied  (random even t s  c l u s t e r )  and 
a l s o  because t h e  a s t e r o i d s  are no t  q u i t e  
homogeneous w i t h i n  the b e l t .  I f  a l l  o f  the 
a s t e r o i d s  have o r b i t a l  elements s i m i l a r  t o  
t hose  o f  the known a s t e r o i d s ,  the d i s t r i b u t i o n  
i n  A would no t  q u i t e  be uniform. 
The numbered a s t e r o i d  d i s t r i b u t i o n  i n  @, t h e  
h e l i o c e n t r i c  l a t i t u d e ,  peaks below t h e  
e c l i p t i c  p lane  a t  a l a t i t u d e  of  -0.1 + - 0.03 
degrees .  
The numbered a s t e r o i d  d i s t r i b u t i o n  i n  R ,  
d i s t a n c e  from the Sun, peaks a t  s l i g h t l y  
below 3.0 AU. The average R i s  about  2.8 AU. 
The unnumbered a s t e r o i d s  e x h i b i t  the same 
phenomena as the numbered a s t e r o i d s .  
S ince  there i s  a s t a t i s t i c a l  c l u s t e r i n g  o f  
the known a s t e r o i d s ,  j u d i c i o u s  choice  o f  
t r a j e c t o r i e s  could  a l t e r  the chance o f  en- 
coun te r s  w i th  t h e  known a s t e r o i d s  by as much 
as + - 30 pe rcen t .  However, if a l l  the a s t e r o i d s  
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were known, t h e i r  d i s t r i b u t i o n  would probably 
be almost  uniform. I f  a l l  t h e  a s t e r o i d s  t end  
t o  be below t h e  e c l i p t i c  p l ane ,  as do the 
encounter  p r o b a b i l i t y  could  be ob ta ined  by 
t r a v e r s i n g  t h e  a s t e r o i d  b e l t  above 
t h e  e c l i p t i c  p lane .  
known a s t e r o i d s ,  a s l i g h t  7 -  _ _  - i n  a s t e r o i d  
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